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Abstract

Estimation of quantity of flow through earth dams by using finite elements method
mainly depends on the magnitudes of permeability for the earth dam. The permeability of soil
medium may be included in the solution as constant permeability or non homogeneous,
anisotropic or may be distributed as random field. Simulation of properties of soil by using
random fields’ generators has great interest nowadays. This paper includes studying of the
effect of anisotropy of scale of fluctuation of the permeability through the stochastic finite
elements analysis for case of flow through earth dam. Permeability has been simulated by
random field and mapped into finite element methods according to the most recent studies.
The results have shown that (1) quantity of seepage through stochastic earth dam is always
less than that calculated for deterministic state. (2) As horizonta to vertical scale of
fluctuation (anisotropy of scale of fluctuation) increases, quantity of seepage increases but it
still less than that for deterministic state. The seepage elevation is also reduced at random
field state compared to deterministic solution.
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1. Introduction

It is well known that properties of soil a the site are different from point to point.
Permeability is the important soil property that used in calculation of quantity of seepage in
different projects such as seepage through earth dam. Studying the variability of permeability
of soil through the soils has revealed that permeability may be simulated as a random field.
Design of earth dam most widely considers the average values (first moment of statistics) of
permeability in case of different values are found for small regions in the earth dam medium.
If the permeability simulated as random field, standard deviation and correlation are necessary
to be used.

Finite element method is combined with random filed concept in two ways: directly
included in finite element formulation such as those researched by ( Freeze, 1975, Dagan
1993)) [1,2] or indirectly included to finite element code in which the random field is
manipulated in isolated form then mapped to the finite element such as those developed by
(Fenton and Griffiths, 1993) [3]. A good review on stochastic finite element can be found on
Stefanou (2009) [4].

Spatial variability of soil property such as permeability has been investigated by Griffiths
and Fenton 1993, Popescu, et, a., 2005, Hoeksema 1985, Ahmed 2009 [5,6,7,8]. These
studies have shown that flow rates cal culated based on permeability ssmulated as random field
are less than flow rates calculated based on average permeability solution which is called
deterministic solution. This conclusion has a great attention in design and it increases the
importance for further studies on the effect of scale of fluctuation “correlation through
distance”. Very few researchers study the effect of anisotropy of scale of fluctuation on the
rate of flow. For instance Ahmed, 2009 [8] reported that anisotropy of permeability decreases
the flow rate for asimple dam with core. In spite of that the subject still need more researches
and more range of scale of fluctuation should be included in calculations.

This research has used fixed mean and variable standard deviation for soil permeability
property to study the effect of permeability on the rate of flow through earth dam utilizing the
finite element method plus random field generation for permeability property. They are
merged together to get a stochastic finite element anayses (Griffiths and Fenton, 1993) [5].
The main objective of this study is to investigate the effect of random field permeability on
the flow rate. Variance and spatia correlation effects on the quantity of seepage are
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investigated also. Anisotropy of scales of fluctuation effects are also investigated since it
mostly represents the real case of soil in thefield.

2. Mean and covariance

It iswell known from site investigations that soil properties differ from point to point. If
these properties are simulated as random field, they can be characterized by first and second
moment of statistic. In spit of that classic design uses just the first moment “mean value”

which can be expressed mathematically as

Where u isthe mean value; N is the number of events; x is the event.
However the second moment of statistic (Equation 2) has an effect and should be taken

specialy when alot of data concerning a property are

o, =.|- 2

Sometimes the coefficient of variation is used instead of variance which is equal to standard
deviation to the mean value. It is reasonable to say that soil properties through short distance
are more correlated than long distance. Spatial correlation is measured by scale of fluctuation
which is defined as the distance over which the properties show appreciable correlation (Jaksa
et. a., 1999) [9].

Stochastic model

Very few researches have been done in the investigation of spatial variation of soil
properties in a stochastic finite element method. It has been applied for different applications
in geotechnical engineering such as flow through earth dam. It consists of two parts: the first
isan ordinary two dimensional finite element model for flow through earth dam developed by
Smith and Griffiths (1998)[10] and the second is the random field model for permeability
property. The results of random field permeability are mapped to the finite element model
(Fenton and Griffiths,1996) [3].

Flow through earth dam is governed by Laplace’s equation.

2 2
T8k 7o

where ¢ isfluid potential and Ky , ky are permeability in x, y direction.

©)
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The Laplace differential equation has been implemented in a program that has been
developed by severa researchers such as Smith and Griffiths (1998) [10]. The program can
compute the free surface location and flow through the earth dam using a two-dimensional
iterative finite element model for constant or variable permeability. Finite element program
developed to solve problems without random field permeability such as flow through earth
dam was developed originally by Smith and Griffiths, (1998) [10]. Another development in
analysis of anisotropy of permeability of typical earth dam or core installed in large earth dam
was by Shakir (2004), Shakir, (2009) and Shakir, (2011)[11,12,13]. The combination of finite
element with random field has been developed by Fenton and Griffiths, 1996 [3].

3. Permeability field generation

Permeability is considered to be log normally distributed in accordance with the field
measurements as determined by Freeze (1975), Hoeksema and Kitanidis (1985), Sudicky,

(1986) [1,7,14] and reported by Griffiths and Fenton (1993) [5]. Permeability is expressed as

K(x) where x is any point in the two dimensional field of soil. Variance and “oj® ” mean

“Un2” are the first and second moment of statistics for the normally distributed “In k”. These

measures are represented by the following two equations.

2
ol = In[1+ %J (43)
k
1.,
Hing = In(/uk)_zo-lnk (4b)

It is reasonable to think that the permeability value at a point is highly correlated with the
permeability at close point and in contrast the permeability at a point is different from
permeability at another point far from the first point “poorly correlated”. The distance
between the two points is called scale of fluctuation. Correlation structure can be modeled
depending on field observations. Generaly, It can be defined mathematically as following
(Sudicky, 1986) [14].

p(r)=exp{—§r} ©)

Where p is the correlation coefficient between two points separated by a large distance T.
Above function is a function of the distance between two points (t = X; — X;). This model
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indicates that correlation p decay exponentially. 8 isthe scale of fluctuation which is defined
as the distance beyond which the field is effectively uncorrelated (Vanmarke 1984) [15]. This
relation is modeled depending on expensive observation of permeability value in the field.
Confirming this equation is difficult since it depends on large data which are expensive to be
obtained. Figure (1) demonstrates the effect of increasing the distance T with respect to 6 on
the correlation structure p. For instance, when 8 is equal to 50 the correlation coefficient, p,

is equal to 0.135 at distance t=50.

0 20 40 60 80 100

Figure (1). Effect of distance on the correlation of permeability property (Eq. 5).

If the permeability properties are observed at field, the problem is simple. We just mapped
these values in the finite element program. Mostly large number of permeability valuesis not
available but we can get mean and variance and also the correlation structure. According to
that we can get the distribution by Monte Carlo simulation to give a picture of permeability
through the field.

ki = eXp{ﬂmk + 01k 9 } (6)

Where uink is the mean and ok is the standard deviation of the lognormal distributed k;.

Uniform permeability on each realization can be obtained as scale of fluctuation goes to
infinity. In contrast the permeability is different rapidly from element to element as scale of
fluctuation goes to zero. G; is derived from the standard Gaussien random field g through

using LAS (Loca average subdivison developed by Fenton and Vanmark 1990 [16]
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technique with zero mean and unit variance and a spatial correlation controlled by the scale of
fluctuation (Vanmarcke 1984) [15].

Application

The size of the dam is shown in Figure (2). The base width was 20 m, the top width was
2 m and the height was 10 meter. Through random field generation the permeability has
different values from element to element. About 605 program executions were performed.
Table 1 shows alist of sets of values of scale of fluctuation and covariance used in this study.
On the other hand the value of quantity of seepage is calculated for the same problem using
mean value of permeability. For case of k =0.1 cm/s based on the solution of Gilbowy, (Harr,
1962) [17] A=9 m; 0.3A = 2.7 m; d= 13.7 m; a = 48°, m =0.42; q = kmh = 0.1 (0.42)(10) =
0.42; g/(kh) =0.42. The finite element based solution used in this study gives approximately
the same result ( g/kh=0.42) .

, P9,

2m

Random field
distribution of k

P 20m N

Figure (2). Dimensions of earth dam.
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Table (1). Set valuesincluded to the stochastic program.

(0] k/ Uy BX ey 0] k/ Uy ex ey (0] k/ Uy ex ey g k/ Uk ex ey (0] k/ Uy GX ey
0.1 0101} 01 (0108 0.1 01(32| 01 (01|64 | 01 |01]12
0.2 02 01| 02 |0208 0.2 02 (32| 02 (02|64 | 02 |02]12
04 |04 ]01] 04 |04 08 04 |04 32| 04 (04|64 | 04 |04 |12
08 |/08|]01| 08 [08|08| 08 |08 32| 08 (08|64 | 08 |08]12
1.6 16 | 01 1.6 16 |08 1.6 16 | 32| 16 |16 |64 16 (16|12
3.2 32 01| 32 | 3208 3.2 32 32| 32 |32|64 | 32 |32|12
6.4 64 | 0.1 64 | 64 |08 6.4 64 (32| 64 (6464 | 64 |64 |12
12 12 | 0.1 12 12 | 0.8 12 12 | 32| 12 12 | 6.4 12 12 | 12
24 24 | 0.1 24 24 10.8 24 24 | 3.2 24 24 |64 24 24 | 12
438 43 | 0.1 438 48 | 0.8 48 48 | 3.2 | 48 48 | 6.4 48 48 | 12

4. Effect of covariance and scale of fluctuation

The problem of flow through the earth dam shown in Figure (2) has been solved for two
cases. Thefirst case includes using the specified permeability in all elements of the mesh and
the second includes using permeability as random field. In literature the first one may be
called deterministic solution and the second is undeterministic solution.

The normalized quantity of flow (g/kh) that obtained from deterministic solution (4)
contains using average permeability. Figure (3) shows the relationship between normalized
quantity of seepage versus covariance (ox /[k). As covariance amount increases, normalized
quantity of seepage decreases. This conclusion is compatible with solution of Ahmad,
(2009) [8] and aso the solution of Griffiths and Fenton (1993) [5]. This means that allowable
quantity of seepage isin the safe side and is greater than semi real case of random field. The
flow in any studied cases will not increase more than the deterministic state.

In the same previous figure, using fixed scale of fluctuation in y direction 6, = 0.1 and
using different scales of fluctuation in x direction 8, = 0.1 to 96 causes different results.
Increasing of the scale of fluctuation in x direction increases the normalized quantity of
seepage especially when covariance, (oi/ux) exceeds the value of 0.7. Decreasing of scale of
fluctuation causes high probability to existence of elements with small permeability and
increasing the scale of fluctuation causes small probability to existence of element with low
permeability. This may interpret the difference between the two cases of using scale of
fluctuation. Increasing of Cov, (ox/uy) more than 0.1 makes the normalized quantity of
seepage decreases. This is reasonable since the high permeability variance affect flow more

than low variance. High variance in permeability gives high variance in seepage.
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Figure (3). Relation between normalized quantity of seepage and covariance.

Figure (4) shows the relationship of the standard deviation of the quantity of seepage
versus the covariance (standard deviation to mean value) of permeability. The standard
deviation increases as correlation factor increases at covariance equal 1.6 the curve decaysi.e.
the standard deviation decreases. For instance at ok /ux = 0.4 the standard deviation og equals
0.0275 at 8 = 0.1 while it reaches 0.048 (maximum) at ok /pk = 1.6 after that it decreases.
Scale of fluctuation has an effect on the gq as it increases the standard deviation increases.
This is may be attributed to increase the potential of existence elements with high difference
in quantity of seepage value. This phenomenon is reported previously by Griffiths and
Fenton, (1993) [5] and the result in this section confirms this phenomenon for wide range of
sale of fluctuation.
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Figure (4). Quantity of seepage variance ver sus covariance.
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5. Scale of fluctuation

Figure (5) shows the relationship between normalized quantity of seepage versus scale of
fluctuation in x direction, 8 for a selected value of scale of fluctuation (the spatia correlation
length) in y direction (0.1; 0.8, 3.2 and 6.4. The covariance, COV, (ow/ux) was selected as
3.2. As the scale of fluctuation increases, the quantity of seepage increases. The scale of
fluctuation is interpreted as the distance over which correlation is significant. Since many of
the statistics of interest depend strongly on the scale of fluctuation, different scales of
fluctuation are implemented. Some studies have considered the permeability and scale of
fluctuation for reconstituted soil used in earth dam as isotropic (Fenton and Griffiths
1996) [3], however layered construction may lead to anisotropy. Strong correlation is
referred by large scale of fluctuation which means the value of normalized quantity reach to
the deterministic value and vise versa. This compatible which theoretical results that as scale
of fluctuation reach infinity deterministic value will be identified. (Fenton and Griffiths, [3]
1996, Prospuc et al., 2005) [6].

For very short scales of fluctuation, the flow rate is small, while it increases dramatically
as the scale of fluctuation increases Figure (5). At 84 =0.8 normalized quantity of seepage
approximately equals 0.1 which is very low. It shows a good representative flow through
dam. At high scale of fluctuation 6, =10 normalized quantity of seepage approximately
equals 0.2 which is greater than that at small scale of fluctuation. The spatial correlation
length, also known as the scale of fluctuation, describes the distance over which the spatially
random values will tend to be correlated in the underlying Gaussian field. Thus, alarge value
will imply a smoothly varying field, while a small value will imply a ragged field. For more
discussion of the gpatial correlation length, the reader is referred to Vanmarcke (1984),
Wickremesinghe, (1993) and Jaksaet. a., (1999) [15, 18, 9].
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Figure (5). Normalized quantity of seepage ver sus scale of fluctuation in x direction.

6. Anisotropy of scale of fluctuation

Permeability property iny direction is spatialy correlated assuming magnitudes smaller
than that in x direction. That can be expressed in term of scale of fluctuation. The scale of
fluctuation in vertical direction is smaller than the scale of fluctuation in x direction because
of the stratification of soil that makes the water flow as in pipes in the horizontal direction.
Figure (6) shows the effect of anisotropy of scale of fluctuation on the result of normalized
quantity of flow. The result is somewhat scatter. It is different little from the finding of
Ahmed, (2009) [8] who concluded that the quantity of seepage increases as ratio of horizontal
to vertical increases. From the study results it was found that at 6, / 8y less than unity the
normalized quantity increased dramatically and after that the increase in normalized quantity
of seepageis dight increase.

Quantity of seepage increases as scale of fluctuation in x direction increases 84 Figure (6).
When horizontal scale of fluctuation is high i.e. strongly correlated (6x = 96), quantity of
seepage approximately close to deterministic state for case of 8, = 6.4 i.e. vertical scale of
fluctuation slightly increases. For case of small horizontal scale of fluctuation 8 = 1 for 8y
=0.1, 0.8, 3.2, 6.4, quantity of seepage equal to 1.3. Small horizonta scale of fluctuation
means possibility of small permeability for row of cell, that is, make the quantity of seepage

small also. The result was presented for oy /ux = 3.2
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Figure (6). Standard deviation of quantity of seepage ver sus scale of fluctuation in x
direction.

7. Effect of the standard deviation of per meability

Figure (7) shows the relation between flow rate and standard deviation for different scales
of fluctuation in x direction. Flow rate changes as standard deviation changes also. The
standard deviation of the flow rate increases as flow rate increases until it reachesto value 2.5
then the standard deviation decreases. Scale of fluctuation affects the standard deviation

values too much as demonstrated in the graph.
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Figure (7). Relation between standard deviation and flow rate.

8. Seepage elevation

Seepage elevation (drawdown) is defined as the elevation of the point on the downstream
face of the dam at which the water first reaches the dam surface. This section shows the
results of the amount of drawdown of the free surface at the downstream face of the dam. The
magnitude of seepage elevation is very important since it determines the height according to
which the treatment is desired. The results obtained by executing the program for many times
for different value of scale of fluctuation are presented in this section. The relation between
seepage elevation and standard deviation is mapped for every percentage of scale of
fluctuation Figure (8). Seepage elevation decreases as standard deviation increases.
Increasing standard deviation means high difference around the average. High variability

may cause reduction in the seepage elevation since existing of small permeability inputs
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Figure (8). Relation between seepage elevation and standard deviation.

9. Conclusion

Flow through stochastic earth dam has been studied including the effect of anisotropy of
scale of fluctuation. The result of research outlines the following conclusions: (1) quantity of
seepage through stochastic earth dam is always less than that calculated for deterministic
solution which confirms the conclusion of other researchers. This conclusion is very
important for design. It means the design on average permeability isin the safe side. (2) Itis
found that as horizontal to vertical scale of fluctuation (anisotropy of scale of fluctuation
increases, quantity of seepage increases but it still less than that for deterministic state (case of
average value). (3) Variance of quantity of seepage depends on covariance value. It increases
until covariance approximately equals two, then it decreases. (4) Seepage elevation is aso

decreases as scal e of fluctuation decreases.
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11. Nomenclature

Symbols

u Mean value;

N Number of events

X Event

I Fluid potential

Kx Permeability in x direction
Ky Permeability iny direction

om’  Variance i.e. second moment of statistics for the normally distributed “In k”

Uink? Mean i.e. first moment of statistics for the normally distributed “In k

p Correlation coefficient between two points separated by a large distance T.
Bx Scale of fluctuation in x direction
0y Scale of fluctuation iny direction

O/ Uk Covariance

Ok Standard deviation
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